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Abstract-The minimum triangular separation center and messure is used in metrology in test- 
ing the “triangularity” of a manufactured object. In this note, the minimum triangular separation 
measure associated with a planar convex polygon is computed, and the geometry of the functional is 
illustrated by example. 
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Because of fluctuations during the manufacturing process, a manufactured object will deviate 
from its nominal design value. Minimum separation measures are the “preferred” method to 
establish the departure from perfect form of a metrological artifact [l], and circles, squares, and 
ellipses are the “usual” perfect forms (see [2-41). More general polygonal forms, however, are 
also useful [5], and in this note, the perfect form considered is an equilateral triangle. The 
triangularity of an object (represented as an arbitrary convex polygon) will be determined using 
the minimum zone requirement. The minimum triangular separation (MTS) center is computed 
using a search strategy, and the MTS functional is depicted. 
ANALYTIC FORMULATION. Let F denote any general figure (convex or nonconvex) in the plane, 
and let F” denote its interior. Choose a point I = (x0, yO) within F” as in Figure 1, and 
consider the equilateral triangle Ti of width ri centered at I inscribed within F and the concentric 
triangle T, of width r, that encloses F. Denote r as the width difference between the triangles; 
i.e., r = r, - ri. The solution to 
min r 
(“,Y)EFO 
will yield the MTS measure and center point. 
NOTATION. The regions considered in this note are convex polygons P,,, = {Al, AZ,. . . , A,} 
described in terms of their vertices Ai = (zi,yi), i = 1,. . . ,m. This is the usual output from a 
coordinate measuring machine. Convex polygons may also be described in terms of lines Li in the 
(dual) representation PA = {Ll, L2, . . . , L,}, where Li = aiz + biy + ci = 0, i = 1,. . . , m; m 2 3. 
The Euclidean distance from (z, y) to Ai is defined as d( (2, y), Ai) = J(x - xi)2 + (y - yi)2, and 
recall that 
d((z, y) L_) = lai5 + big + GI 
, 2 
&yq . 
The median point of the triangle AAiAjAk is located at ((Xi -I- xcj f Zk)/3, (Yi + Yj -I- yk)/3) and 
is chosen as I = (x0, yo). The “width” of the triangle is defined as the distance from (x0, yO) to 
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Figure 1. 
any vertex Ai, and is denoted by ri. For simplicity, consider the base of the triangle (as shown in 
Figure 2a) as defining the z-coordinate axis; it is assumed that the orientation of the triangle is 
fixed. Triangles oriented as in Figure 2b can be accommodated by a simple change of coordinates. 
The rays emanating from I in the direction defined by the vertices of the triangle will be denoted 
by c, i = 1,2,3, where for t 2 0 (and the choice of coordinate axis depicted in Figure 2a) 
t;: 
i 
x =x0, 
Y=yoft, 
&: 
{ 
x = t, 
Y = yo - & (t - x0), 
- { 
x = t, 
/3 : 
Y = Yo - * (t + 2,). 
ALGORITHM. To motivate the algorithm for the MTS measure, refer to Figure 3a. For each 
point within F, one must inscribe the mmimum area triangle as well as determine the concentric 
Figure 2a. 
t-----+x 
Figure 2b. 
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minimum area circumscribing triangle. Observe that from I, the shaded triangle in Figure 3a 
does not determine the “right” value of ri, since it is not the maximum inscribed triangle that 
can be squeezed into F. By enlarging the triangle until it just touches the boundary of P,, aP,, 
we observe that the width of Ti can be used to compute r-i, The procedure is easy. Refer to 
Figure 3b. 
Figure 3a. Figure 3b. 
Figure 3c. 
MAXIMUM INSCRIBED TRIANGLE FROM I E F”. 
1.1. Intersect G, .&, & with Li, i = 1,. . . , m, and let Si denote the intersection point with aP, 
with the minimum distance from I = (x0, ZJ~). Call D(1, Si) = ri. 
CLAIM. S1 E Pm. 
PROOF. If Sr 6 Pm, then Si lies exterior to Pm and the line connecting I to Sr will necessarily 
intersect the boundary of the polygon at some point S’, but &I > S’I, a contradiction. I 
--- 
The triangle is constructed by choosing Ss and Ss to lie on 1’, such that IS2 = IS3 = I&. The 
triangle ASiSsSs is inscribed within Pm and it is the largest triangle by choice of Si. 
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MINIMUM CIRCUMSCRIBING TRIANGLE FROM I E F”. To circumscribe Pm by a triangle con- 
centric to nSiSsSs, expand the triangle ASrSzSs slowly such that the entire polygon is cir- 
cumscribed. Stop the expansion the moment the triangle entirely circumscribes the figure. In 
algebraic terms, this procedure is easy to translate. Corresponding to each side of the trian- 
gle (say SiSs), compute the distance from 1 to the line parallel to SiSs and passing through 
each Ai, i = 1,. . . , m. Repeat for sides SiSs and SzSs and choose the maximum distance from 
this set. Choosing this distance obviously represents the expansion coefficient that ensures that 
the triangle completely circumscribes Pm. This is shown in Figure 3c. 
More formally, let the three sides of the triangle be represented by A, B, C: side A corresponds 
to1A:y=y/O,sideBcorrespondsto18:y-yi=~(a:-zi),i=1,...,m,andsideCcorresponds 
t0 1% : y - ?Ji = -fi(X - Xi), i = 1,. . . , m. 
1.2. Compute maxi Iyi - yOl = dr, maxi d(1, ZB) = d 2, maxi d(l, I&) = da. Choose maxi di = rc. 
Finally, the MTS center is computed by solving 
1.3. Let T = T, - ri and minimize r over Pm. 
It is apparent that the “algorithm” we have implemented is simply the definition of the MTS 
center point and measure. This procedure is illustrated by example. 
EXAMPLE la. P5 = {(-6.24,3.64), (1.92,7.88), (8.52, -3.24), (2.32,-9.36), (-7.28, -6.6)). 
The center-of-gravity of Ps, g(P5) = (-.0215,-1.3744), and the MTS center is located at 
MTS(Ps) = (-.136, -1.088) with a value r = 1.073. The MTS functional is shown in Figure 4.la 
and for perspective a ‘<ground view” is illustrated in Figure 4.lb. 
Figure 4.la Figure 4.lb 
EXAMPLE lb. Ps = {(-7.68,5.08), (-1.12,8.28), (5.56,6.32), (9.08, -1.32), (5.28, -7.84), (-2.68, 
-8.92),(-7.08, -5.12),(-9.28,-.36)}. 
The center-of-gravity of Ps, g(Ps) = (-.214, -.414) and the MTS center is MTS(Ps) = 
(-.38, -.12) with T = .739. 
Another measure of triangularity can also be defined. Rather than minimize the width differ- 
ence between concentric triangles, the minimum area difference measure (MtAD) minimizes the 
area. Since the values of ri and T, have already been computed, it is an easy matter to solve for 
MtAD(P,). In this case, Step 1.3 becomes 
1.3’. Let a = (9/8) ($ - ~5) and minimize a over Pm. 
A/finimum Triangular 
Figure 5.fa 
Separation Fwctionnl 
Figure 5.lb 
Figure 5.2. 
EXAMPLE 2% &j = ((-6.24,3.64), (1.92, ?.SS), (5.5‘2, -3.24), (2.32, -9.36), (-7.28, -6.6)). 
In this example, ~~tAD(~~) = (-.112, -1.07) with a = 23.71. The k&AD functional is f&t- 
ter than the &ITS f~lnction~1 and is shown in Figure 5.la. A “bird’s-eye view” is depicted in 
Figure S.?%b. 
EXAMPXZ 2b. l$ = ((-7,68,5.08), (-1.12,8.28),(5.56,6.32),(9.08, -1.32),(5.28, -7.S4), (-2.68, 
-8.92), (-7.08, -5.12), (-9.28, -.36)]. 
The ~tAD(P~) I- (-.38, -.12) with a = 16.42. Using a lower r~~~lut~an, theMtAD fun~ti~n~~ 
depicted in Figure 5.2. 
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